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Background: Information in neural networks?

Deep InfoMax [Hjelm, 2019].

Mutual information: iy featwe map _ vector X: input images
va . v Y: encoded
I(X;Y) // p(Y|X)log p(X,Y) AXdy "j* Al ,' representations
p(X)p(Y) e
H(X) H(Y)
Contrastive Predictive Coding
(CPC) [Van den Oord, 2018]:
c Predictions
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Representation Information bottleneck (R-1B)

Encoder p(T7|X)  Decoder p(Y|T})

AN
r N 7 ~N
O\i . fO g AO O
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CT4) ) & 0@ (T; X)) Input information
.O ' it-fﬁeo‘f-ﬁi 3 O O~ I(T;Y) Label information
Y_X"_)Tl_)TQ ........... J-’l_)Y
data o ~N =i
representations
Minimal sufficient statistic
A Markov chain description of DNN: Y <+ X <> 1" -==-======----~
v
Information bottleneck (IB) mjin I(T; X), subject to I(T;Y) = I(X;Y)
: La}grange relaxation
min (T3 X) = B((13Y) — I(X;Y)) a=nnmmnnd 000109
p(t|x
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Caveats of R Information bottleneck
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Critical point X T)
Two-phase transition of tanh NNs trained by Two-phase transition of ReLU NNs trained by
SGD (Shwartz-ziv, 2017) SGD (Saxe, 2019)
I
Objective function: min I(7; X) — B(1;Y)
p( f-\fﬂ)/' \
Lment(xaya ’LU) — E p(y\:c) logp(y\a:,w)
Minimality term Sufficiency term
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Caveats of R Information bottleneck

B 7999 ;
1.0 =
-, 05
08 Wi s
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= = 2 05 Continuous activity
<04 = Bin borders
-1
0.2 .
-5 0 5
0.0 c D Net input (wyx)
1 3 5 7 9 1 0 . . . .
Tanh nonlinearit RelLU nonlinearit
D I(X;T) 5 : ey 25 : ay
With ReLU non-linearities (Saxe, 2019) al 5
7999
A ~3 ] ~15 .
-2 - 1 1
08
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$06 £
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E & 0 - ‘ : ‘ 0 : ‘ : ‘
=04 0 2 4 6 8 10 0 2 4 6 8 10
0.2 ’ w1 W1
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c ' CTwn M0 The mutual information term I(X; T) is amortized, i.e., itis directly

influenced by inputs, so different activation functions will yield

With Tanh non-linearities (Shwartz-ziv, 2017) different distributions of representation 7.

Question: Is conciseness of representations I(X; T) necessarily connected to generalization of DNN?



On generalization error of neural networks

« Conventional generalization error definition

L 1 o o
Empirical risk Lg(w) £ - Zﬁ(w, Z;), Generalization risk
=1

_—) - Liest (w) — L (w).

True risk  Luest (w) 2 By [((w, 2)] = / p(2)e(w, 2)dz.

« An effective generalization measure should consider the (Nakkiran 2019).

Sampled dataset
S — (Zl, ZQ, s ey Zn) ~ p(Z)®n

Data-dependent generalization risk

‘ Ep(w,5)[AL] = Ep (4,9 [ Ltest (w) — Lg(w)).

Stochastic algorithm

A : p(w|S)
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On generalization error of neural networks

Double descent (Belkin, 2018) Linear PAC-Bayes bound (McAllester, 2013)
Empirical risk Generalization risk
under-parameterized /\ over-parameterized 1 \ —
Test risk Lo < 7= (Ls(w) + AKL(p(w]S) || p(w))
“classical” “modern”

regime interpolating regime

Data-dependent PAC-Bayes bound (Dziugaite, 2020)
- Trammg rlsk

-~ _ _‘/mterpolatlon threshold E-p(u.-',S) [Ll.est — LS(’LU)] < ¥ lﬂf E [KL( (’lU‘S) H p(’bb’))]

Complexity of H plw
“Oracle prior” p*(w) = Es[p w\S] ‘

Es[KL(p(w|S) || p* (w))] = I(W; 5)



lIW: Information in weights

Information complexity of learning Data-dependent PAC-Bayes bound (Dziugaite, 2020)

algorithms (Xu, 2017)
Epw,s) [ Ltest — Ls(w)] <~ Inf By s)KL(p(w[S) || p(w))]

“Oracle prior” p*(w) = Eg[p(w]S)] ‘

(w.S)[AL] < \/—I S; W),

Es[KL(p(w|S) || p" (w))] = I(W; 5)

\ 4

Findings:

« The oracle prior that achieves the sharpest PAC-Bayes bound is aligned with
the information-theoretic algorithm complexity!

« Both are based on information stored in weights (11W)



Information in weights or Information in representation?

Encoder (17| X) Decoder p(Y\TZ)

Lo %

representations




PIB: PAC-Bayes information bottleneck

maximize I(W1;Y|X,95)

S
_H W W2

YlX > 1

minimize I(W7;.5)

~

Iy —— 13— Y

Suﬁicienc@m Minimality term
<
pl(l;lh,&%)“w Y[X,S) = BI(w; S), min I (T3 X) — B(1;Y)
‘ p(lh?)/' \

Minimality term Sufficiency term

fﬂllfé) Lpig = Lg(w) + BI(w; 5).



Approximate W

PIB objective:
maximize I(Wy;Y|X,S)

min Lp = LS(W) -+ ﬁ](W, S) g
p(W|S) — Wi Wo A
Y - X—— I1— T} > T} >V
L |
I(w; 5) = Eps)[KL(p(w]S5) || p(w))] minimize 1(Wy; )
1 det X
KL(p(w|S) || p(w)) = 5 [log d:: Zi — D+ (6s —6o) ' 55" (0s — 6) +tr (X5 ' Es)

‘ Assume affinity > = AXg

KL(p(w|S) || p(w)) o (6s — ) Xy (65 — o)
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Approximate W

PIB objective:
maximize I(Wy;Y|X,S)

min Lppg = LS(W) -+ ﬁ](W, S) g
p(W|S) — Wi W2 A
Y*X——>T1—> T2 :Tg » YV
|
I(w;S) < Ep(s) [KL(p(w]S) || p(w))] minimize 1(Wi; 9)

“Oracle prior”

E, o\|KL(p(wl|S w))| x E Os — 0 TEolg_g
p(5) [ KL(p(w|S) || p(w))] o(s) (s 0) (05— 60)] p*(w) = Eg[p(w|S)]

How do we generate many samples p(S) truly sampling from p(z)®" ?
A. Bootstrapping for prior covariance:

S0 =Eus) [(0s — 60)(0s — )" ]| ~ %Z(st —0s5)(0s, —0s)", S ~ p(S)

k
11



Approximate W

Lemma 2 (Approximation of Oracle Prior Covariance). Given the definition of influence functions
(Lemma 1) and Poisson bootstrapping (Lemma A.2), the covariance matrix of the oracle prior can

be approximated by
= AU ST
%o = E,s) [(0s — 00)(0s — 00)7 Z (0 — 0) (0 —6) = —H,'FgH;' = ~F"
) (13)

where ¥ ;4 is Fisher information matrix (FIM); we omit the subscript S of 93 and 9535 for notation
conciseness, and &F is the bootstrap resampling weight in the k-th experiment.

98 = argmm — Z € ’ Influence function y
1=1 ~ ~ ]- 1
o ) 05— 05~ ) (&1 =V (€-1).
Os¢ £ argmin — Y &4;(0), =
s, = argmin PRAAC)

12
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Estimate [IW in acceptable time

I(w;S) o nE,sy [(0s — 60) ' Fg(0s — 6g)] ~ 1{(6s — 90)T®és —6o) = I(w; S)
‘ ' T

_ A 4
NER S ERES > T

1 A R
AG =05 -0y € RP  Fy=—3 Veli(6)Vol; (0) € R7P
t=17
1 — n 2
T, _ L 2 T/(A _ - T 2
I(w;§) =nA8" | ;vget(e)veet QIFNES ; [%9 veet(e:)] ,

Vector product

13



Estimate [IW in acceptable time

Algorithm 1: Efficient approximate information estimation of /(w; S)

1_Pretrain the model by vanilla SGD to obtain the prior mean 6 ; |

2 for =17 do

3 | VL Ves >, 0(0i-1),0; < 6,1 —nVL;; /* Vanilla SGD */
4 VL+ VLU{VL:}; /* Store gradients x/
5 0; «— \/;99_?_1 + 1_7’9 ZkK:_Ol 97:2—;@ : /* Moving average =*/
¢ end

7 A9<—9T0—90, AF()(—O;

s for Z=].'T1 do

9 | AF; < AF;_1 + (AO"VL,;)?; /* Storage—-friendly computation =/
ho end

|11 f(w; S) + %AFTl;

14



Optimal posterior on PIB

PIB objective: lIW approximation and oracle prior covariance
- 1 L . . — 12
%’Illl%) Lps = Ls( ) + /BI(W, S) I(w;S) =nAg' T ;V(agt(g)voﬁj(g) A=~ ; [AQTveft(a)] ,
W = —
e
Yo~ —H "FH "~ —F
n n

How do we train a model that optimizes on PIB directly?

{niﬁ‘};) Lpg = Lg(w) + pI(w;S), s.t. /p(w|S)dw = 1.
p(w

‘ Build the Lagrangian
?11|%) ZPIB = Ls( ) + ,8[ /()fs/ W‘S — 1 dwdS
p(w

‘ Vp(w|s* )EPIB =0

15
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Optimal posterior on PIB

Lemma 3 (Optimal Posterior for PAC-Bayes Information Bottleneck). Given an observed dataset
S*, the optimal posterior p(w|S™) of PAC-Bayes IB in Eq. (5) should satisfy the following form that

p(w|S™) = ﬁp(w) exp {%ﬁg* (W)} = Z(IS) exp {%US* (w)} : (16)

where Ug~ (W) is the energy function defined as Ug+(w) = Lg~(w) — Blog p(w), and Z(S) is the
normalizing constant.

How do we design algorithm that enables us to sample from the optimal posterior?

A. Using stochastic gradient Langevin dynamics (SGLD) (Welling, 2011)

Aw; + €, Awgyq + €449 €; IS @ zero-mean,
Wi — Wy — W,y ... Isotropic Gaussian noise.

16
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Optimal posterior on PIB

Energy function U (w)
wy converge to m(w)

Gradient g, = VU (w) ‘ (W) exp(—%U(w))
SGLD update process

Witl = Wi — N8k + 2N Pek,

Optimal PIB posterior

pwl5") = Sispw)en{~LLa-w) b = e {-SUs(m },

PIB energy function

Us-(w) = Ls-(w) — Blog p(w)

17



Optimal posterior on PIB

Algorithm 2: Optimal Gibbs posterior inference by SGLD.
Data: Total number of samples n, batch size B, learning rate 7, temperature /3
Result: A sequence of weights {w, }, ; following p(w|S™)

1 repeat
/* Mini-batch gradient of energy function

2 VUg+(Wi—1) <+ V (I-—% ZbIOgP(YHXb:Wt—l) — Bt—1 10gp(wt—1)} 5

/* SGLD by gradient plus 1SOLroplc Gausslan noilse * /
3 || e« N(€]|0,Ip), wi w1 — mi—1VUs=(Wi—1) + /201 81—16¢ ;
/* Learnlng rate & temperature decay

s | e Pp(e—1), B+ dp(Be—1), t — t+ 1
s until the weight sequence {w},- ; becomes stable;

Compute energy function
gradient «/

*
Energy function gradient
descent w/ noise

18
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What we have done

« Build information bottleneck on information in weights (1I\W)

min Lp = LS(W) -+ ﬁI(W, S)
p(w|S)

* Propose an algorithm for estimating [IW

T
- 1 . .
I(w;S) =nA0" 7 Y Vol (0)Vel] (6)

t=1

T
_n T NE
A = T; [Ae Vel (0)]

* Propose an algorithm to sample optimal posterior of PIB

Et < N(8|0, ID), Wi < Wi1 — ﬁt—lijS* (Wt—l) + \/277t—1/8t—1€t ,

19
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W

W

W w.r.t. number of layers

lIW of 1-layer MLP

Ut

Ot

— layer 1
() 1000 2000)
iteration
lIW of 3-layer MLP
h,-lr — layer 1
"Ul — layer 2
L alis | : layer 3
™ #*'ilr”rﬂ"ﬁu"huh |
I L.
0100 200 300 400
iteration

[IW of 2-layer MLP

—— layer 1
—— layer 2

iteration

IW of 4-layer MLP

0 200 100

W

()

| "i-~J'Ju~

0 100 200 300 400

iteration
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W w.r.t. width

10 Train/Test Acc to Width le—4 [IW/12 to Width x 102
e
o Generalization 1.4 |
O 0.9] ! / AL = °
. 1 / d - =
© ; / Sap = l2-norm
P —— train acc 1.2 4
Pl e test acc -
0.8~ . . | . . , 3
32 512 4096 8192 32 512 4096 8192
number of hidden units number of hidden units
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IIW w.r.t. noise ratio & sample size

Generalization gap

«10-2 _|IW to corrupted labels 10 5 x10-21IW to # of random-label data 10
T
{750 T test acc 1 10.8 4+ 0.93 0.92 0.90

—— train acc :
1.50} 10.6 3 — train acc
= S = testacc {058
125) = 10.4 oL
1.00| N
I 102 110.10 0.10 0.10 0.10
0.75! o \ S \ S \ S \ 4

00 02 04 06 08 1000 %0000 20000 30000 40000°

noise ratio data size

23



IW w.r.t. batch size

or train/test acc to batch size %105 lIW to batch size
________________________________ 8
&
S 0.9 =
—— train acc 7l
------ test acc
0.8

4 16 64 256 4 /4{/’Hff 64 256
number of batch size umber of batch size

We get to know this is the
optimal even when we do
not have the test set!
24



lIW In deep nets: VGGNet

0.0075/
= 0.0050}
0.0025/

0.00001 =

W of VGG

—— vanilla

— 12
dropout

— PIB

Test ACC (%)

CIFAR10

CIFAR100

STL10

SVHN

vanilla SGD
SGD+/5-norm
SGD+dropout
SGD+PIB

77.03(0.57)
77.13(0.53)
78.95(0.60)
80.19(0.42)

52.07(0.44)
50.84(0.71)
52.34(0.66)
56.47(0.62)

54.31(0.65)
55.30(0.68)
56.35(0.78)
58.83(0.75)

93.57(0.67)
93.60(0.68)
93.61(0.76)
93.88(0.88)

A

01234567 8 910
epoch
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Takeaway

Measure representation v.s. weight information: weight is more essential

PAC-Bayes information bottleneck: identify memorize-forget phase

Information in weights: specify NNs generalization in broad cases

PIB: introduce a new training strategy explicitly regularizing I1W

26
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